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We report studies of the wave-mixing process in the extreme ultraviolet region with two

near-infrared driving and controlling pulses with incommensurate frequencies (at 1400 nm and

800 nm). A non-collinear scheme for the two beams is used in order to spatially separate and

to characterise the properties of the high-order wave-mixing field. We show that the extreme

ultraviolet frequency mixing can be treated by perturbative, very high-order nonlinear optics; the

modification of the wave-packet of the free electron needs to be considered in this process. VC 2015
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4906120]

When atoms or molecules interact with an intense laser

field, high-order harmonics generation (HHG) of the incident

radiation may be generated. This process provides methods

to produce short pulses of coherent radiation in the extreme

ultraviolet (XUV) and soft x-ray region. Such an HHG

source opens up new applications such as in time-resolved

studies of atoms1 and molecules,2 extreme ultraviolet inter-

ferometry,3 and coherent diffractive imaging.4 From the

point of view of fundamental research, high-order harmonic

generation is an example of nonlinear physics, where simple

pictures can be used to describe strongly non-perturbative

processes with the time-dependent Schroedinger equation.

This highly nonlinear process leading to the up-conversion

of low energy photons into XUV or x-ray photons can be

conceptually understood classically in the so-called three-

step model5 in which an electron is first liberated from an

atom through strong field ionization, then is accelerated by

the laser field, and finally is recombined with the parent ion,

emitting any excess energy as a high-energy photon.

When matter interacts with a laser field, the response of

the medium described by the polarization term can be

expanded in many orders,6 expressed as linear and nonlinear

terms. Depending on the strength of the field, the highest

orders of response need to be considered. The low-order

response of a material to a laser field, e.g., third or fifth order,

has been used to study structures of matter and their dynam-

ics.7 Several nonlinear phenomena appear in the regime of

extreme interactions. The detailed response of a single atom

or molecule to an intense electromagnetic field is quite com-

plex, but the fundamental underlying physics can be unex-

pectedly simple in many cases. Bertrand et al.8 have shown

that when two intense fundamental laser pulses of frequency

x and 2x are crossed non-collinearly in a gas-jet target, the

emission spectrum can be described simply in terms of con-

servation of energy and momentum based on the net number

of photons absorbed from each laser field. The observation

of nonlinear optical wave-mixing in HHG8 also suggests the

possibility to treat the physics in the XUV range with a per-
turbative nonlinear optics theory although perturbative and

nonperturbative nonlinear optics seem conceptually very

different. Because in the far-field long and short trajectories

of HHG processes are spatially separated and because the

off-axis emission results in an annular beam and even-order

harmonics can be generated by combination of x, 2x fields,9

the use of incommensurate frequency fields allows the gener-

ation of non-integer order harmonics which are spatial sepa-

rated. The non-integer order harmonics provide more clear

characterization of wave-mixing.

In this paper, we report the investigation of the

wave-mixing process with two long (40 fs) pulses with

incommensurate frequencies (at 1400 nm and 800 nm).

Using a non-collinear scheme for the two beams, which

helps to spatially separate the extreme ultraviolet field

according to the mixing condition, we study the properties of

the high-order frequency mixing field. We show that a treat-

ment of the free electrons needs to be considered in the

wave-mixing process and perturbative nonlinear optics can

be observed in a high-order nonlinearity.

A 800 nm, 9 mJ, 30 fs, 1 kHz repetition rate laser beam

is split into two beams, with pulse energies of 6 mJ and 3

mJ. The 6 mJ beam is used to pump a three-stage optical

parametric amplifier (OPA) system to generate an infrared

(IR) driving pulse at 1400 nm with energy of �2 mJ and du-

ration of 40 fs. One path (�1 mJ) of the 3 mJ, 800 nm beam

is used to mix with the 1400 nm field. The 1400 nm IR pulse

is used for phase-matched generation of XUV pulses and the

800 nm pulse, which is used to control the HHG output, is

aligned at a very small angle (<1�) to the direction of the

1400 nm beam by a dichroic mirror. The intensity of the

800 nm pulse is kept low so that high-order harmonics can-

not be generated by itself. The polarizations of the two

pulses are parallel. The time delay between the two pulses is

controlled by a motorized delay stage with 0.1 fs resolution.

The laser beams are used to drill a pinhole in a thin alumin-

ium plate at the end of the cell for the output of the HHG

field and no further alignment procedure along the optical

axis of the 1400 nm pulse is needed. The diameter of the two

beams at the focus is �100 lm. A long (�30 mm) cell filled

with argon gas at a pressure of �250 Torr is used as the inter-

action medium.10,11 The interaction length where the XUV

radiation is generated is �1 mm before the end of the cell.

Positive time delay implies that the 800 nm pulse precedes

the 1400 nm pulse. A non-collinear scheme of the two beams

helps to spatially separate the wave-mixing field from the

1400 nm and 800 nm beams because of momentum conserva-

tion. The harmonic emission enters a flat-field XUV
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spectrometer comprising a slit, a concave grating, and a

cooled 14-bit CCD camera. The length of the slit is along the

Y direction and therefore the divergence can be determined

along the Y direction of the CCD. The harmonic emission is

dispersed along the X direction of the CCD.

Figure 1 shows the spatially integrated HHG spectrum

versus delay time between the 1400 nm and 800 nm pulses in

the far-field. The high-order harmonic radiation is generated

at wavelengths down to 16 nm when the 1400 nm driving

pulse is applied. When the 800 nm pulse is absent or for very

long delay times (>6200 fs), we obtain phase-matched radi-

ation12 with well-resolved odd harmonics and a good beam

profile along the propagation direction of the 1400 nm driv-

ing pulse. The spectrum of the XUV radiation varies mark-

edly with the influence of the second pulse. At zero delay

between the two pulses, a quasi-continuum XUV spectrum is

obtained (Fig. 1). The addition of the second optical field

whose frequency is not commensurate with that of the pri-

mary field creates additional frequency components in the

HHG spectrum.

The spectrum and spatial features, which are observed

on the CCD, are modified with the delay time between the

two pulses. For long delay time (>200 fs), a Gaussian beam

profile along the axis of the driving pulse is obtained, while

for short delay times the beam profile consists of many

clearly resolved peaks. In Fig. 2, we show the spectrum ver-

sus divergence from the 1400 nm beam direction for a fixed

time delay �10 fs, as an example. The discrete spatial and

spectral peaks in the CCD image are caused by frequency

mixing of the two fields—the harmonic field generated by

the 1400 nm driving beam and the delayed 800 nm control-

ling field. The spectrum exhibits distinct peaks in the low

photon energy region (<50 eV), while there are no clear

peaks at high photon energy. This may be because the spec-

trometer resolution is not high enough in the high-photon

energy region. The spatial and spectral positions of the peaks

vary with delay time between the two pulses as shown in the

inset of Fig. 2. The spectral and spatial separation of the peaks

is likely to be unchanged for a given delay. The 1400 nm beam

alone generates a high-harmonic spectrum along the optical

axis (divergence h¼ 0 as shown in the inset of Fig. 1). The

addition of the weak 800 nm field gives rise to off-axis

radiation at different angles in the vertical Y direction.

Conservation of energy and momentum for the generation of

the resulting XUV emission needs to be considered.

To emit a single XUV photon, parity conservation

requires that for a dipole transition the wave function of the

continuum electron and the ion together must be in a state of

different parity to that of the original ground state.13

Therefore, only the net absorption of an odd total number of

photons n¼ n1þ n2 can lead to photon emission, where n1

and n2 are the number of photons with frequency x1 and x2.

Because the second field is weak, n1 � n2. These selection

rules can be written alternatively as: xq¼ n1x1þ n2x2;

kq¼ n1k1þ n2k2; and n1þ n2¼ 2jþ 1, where j is an integer,

x1 is the carrier frequency of the 1400 nm field, and x2 is

the carrier frequency of the 800 nm field. From this

approach, it is possible to produce a radiated frequency

xq¼ (2jþ 1)x1 6 n(x2�x1) along directions kq¼ (2jþ 1)

k1 6 n(k2� k1) for various (j, n) combinations. The har-

monic number j is determined by the spectrum generated by

the 1400 nm beam only. The energy difference between

neighbouring peaks is �0.67 eV, which is consistent with

800 nm and 1400 nm fields. The addition or subtraction of pho-

tons is reflected in the position of the additional frequency

components along the Y axis. The spectral and spatial posi-

tions of the mixing peaks vary with delay time between the

two beams which indicate xq¼ (2jþ 1)x1 6 n(x2�x1) þ dx
and the directions kq¼ (2jþ 1)k1 6 n(k2�k1)þ dk, where

dx and dk are dependent on the phase of the interaction of the

800 nm field. The effect of plasma dispersion on the propaga-

tion of the visible and near-infrared fields causes phase effects

in the propagation of the 800 and 1400 nm fields. With the

presence of free electrons due to ionization, the wave number

of these fields is shifted to k1
2¼ k0

2(1�xp
2/x0

2), where

xP ¼ e
ffiffiffiffiffiffiffi
Ne

e0me

q
is the plasma frequency, Ne is the density of free

electrons, e0 is the vacuum permittivity, me is the electron

FIG. 1. Spatially integrated HHG spectrum generated by a 1400 nm driving

pulse versus delay time of the 800 nm controlling pulse. The inset shows the

propagation direction of the fields.

FIG. 2. HHG spectrum versus angular divergence for the focus plane of the

spectrometer at a delay time of �10 fs between the 1400 nm and 800 nm

pulses. The inset shows the spatial and spectral position of the peaks at dif-

ferent delay times between the 1400 nm and 800 nm pulses.
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mass, and x0 and k0 are the frequency and wave-vector of the

laser field, respectively.

We assume that the high-order harmonics are weakly

perturbed by propagation in the medium because of atomic

and plasma dispersion. The atomic dipole phase, acquired by

the electron wave function in the continuum due to the delay

between the ionization and recombination times, is not negli-

gible. This phase needs to be considered in the harmonic

field and scales linearly with the driving laser intensity,

Uqðr; zÞ ¼ �aqIðr; zÞ, where aq is a coefficient related to the

electron trajectories: aq � 1� 5� 10�14 cm2=W for a short

trajectory and aq � 20� 25� 10�14 cm2=W for a long tra-

jectory,14 where r is the radial coordinate and z is along the

propagation direction. The momentum of the harmonic pho-

ton is the sum of the momenta of the incident laser photons

and the excess momentum provided to the laser beam by the

free electron which is dkq¼rUq(r, z). It can be shown15 that

dkq can be interpreted as the canonical momentum gained by

the free electron in the second step of the three-step model,

as a result of the ponderomotive force. The ponderomotive

force effects are essential to ensure momentum conservation

of the coupled atom-laser and harmonic field system. When

two fields with incommensurate frequencies are summed, the

total electric field is significantly different from that of a sim-

ple sinusoidal field and the electron trajectories are strongly

dependent on the given optical cycle. This situation may

open a dynamical regime of frequency mixing.

When two pulses are delayed in time, the variation of

HHG intensity reflects the dependence of the harmonic field

on the intensity of the second field. The 800 nm field modi-

fies the trajectory of the free electron created by the 1400 nm

field which leads to the generation of additional energy and

momentum of the mixing field that is reflected in a shift of

the peak along the divergence direction as shown in the inset

of Fig. 2.

The dependence of the dipole phase on the intensity of

the laser fields affects not only the total phase but also the

spectrum of the emitted fields. The variation in time of the

fundamental laser intensity, I(t), induces a change in the in-

stantaneous frequency of the harmonic emission through a

harmonic phase modulation process.16,17 The instantaneous

harmonic frequency during the pulse is given by15

xq tð Þ ¼ qxþ aq
@I

@t
: (1)

Here, qx is the central harmonic frequency and the term

aq
@I
@t gives the variation of the instantaneous frequency with

time. From Eq. (1), the spectral broadening is given by

dxq tð Þ ¼ aq
@I

@t
: (2)

From Eq. (2), since a long path with a large coefficient aq is

predominantly phase-matched off-axis, the off-axis region

would give a larger shifting and broadening than the on-axis

region.

For negative delay times, the spectrum bandwidth of the

harmonic field increases with decreasing delay time and the

spectrum position is slightly shifted. With increasing positive

delay time, a large spectral shift is observed. Figure 3 shows

a detailed study of the spectral position of the peaks when

the divergence is kept constant around the harmonics H47

and H49. We note that for easy analysis of the spectral shift,

the divergence for the same j and n values is kept constant.

The results of Fig. 3 can be interpreted in the following way:

for negative delay times, s� 0 fs, when the 800 nm pulse

interacts mostly with an atom in the ground state, the spectral

position of the peak is nearly unchanged because of weak

modification of the dipole phase. For positive delay times,

the interaction of the 800 nm field with a free electron cre-

ated by the 1400 nm pulse is very strong since the free elec-

tron trajectory can be easily modified and also the 800 nm

beam crosses the interaction region. In this case, additional

excess energy can be provided to the free electron and the

spectral position is shifted.

For negative time delay, the intensity of different fre-

quency components, which are assigned the same value of j

and a different value of n, increases at different rates and

then saturates. For delay times �0, the intensity of the wave-

mixing signal grows linearly with the intensity of the 800 nm

field when n� 0, where n¼ 0 is for the peak at h � 0. The

slope increases with increasing n for n> 1. This is similar to

the observation of Bertrand et al.8 when the intensity of the

second field is increasing. The wave-mixing radiation

decreases rapidly for positive delay times because of the

modification of the free electron trajectory by the weak

800 nm field. The generation of high-order harmonics caused

by the high intensity 1400 nm driving field is a nonperturba-

tive process but it can be treated perturbatively for the

mixing process with a weaker 800 nm second field and for

the case in which only atoms in the ground state are

considered.

It is well known that the XUV HHG spectra show strong

modulation involving the interference of harmonics which is

dependent on the harmonic photon energy and is not caused

by absorption in the generating medium. The single-atom

response and also collective effects through the phase-

mismatch are probably involved in determining these spec-

tral features, but separation of the influence of phase

matching on the harmonic yield is not easily identifiable. In

our wave-mixing experiment (Fig. 1), a minimum in the

spectrum can be seen at �51 eV (24 nm) where a Cooper

FIG. 3. Spectrum position of the wave-mixing peaks at different delay times

between the 1400 nm and 800 nm pulses around the 47th and 49th

harmonics.
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minimum caused by destructive interference of the 5s and 4d

transition dipole moments is expected.18,19 The appearance

of the minimum is independent of the experimental parame-

ters such as the angle between the two beams and their inten-

sity ratio. The observation of a Cooper minimum in the

mixing spectrum indicates that a combination of single-atom

responses in the nonlinear atomic dipole moment can be

used in a theoretical treatment. The different dipole phase of

the two regions, of higher and lower energy, around the min-

imum causes the different development of the mixing spec-

trum versus time delay.

In conclusion, the combination of two fields with control-

lable intensity ratio opens a way for the generation of addi-

tional frequency components which is a step towards obtaining

attosecond pulses with high intensity in the soft x-ray region.

A perturbative treatment in the high-order harmonic frequency

region will help in the investigation of quantum effects in

atoms and molecules in the high photon energy range.
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